A packet of light rays is defined that is equivalent to a Gaussian beam of light. The transformation of the Gaussian beam as it passes through any combination of perfect lenses and flat dielectric interfaces can be found by applying geometric optics to the equivalent ray packet.. The envelope of the ray packet gives the Gaussian beam spot size and the curves perpendicular to the average ray slope give the Gaussian beam phase fronts.
Introduction
Electromagnetic beams with transverse Gaussian intensity distributions are of interest in proposed coherent optical and millimeter wave communication systems. The properties of Gaussian beams in nonabsorbing, nonactive media have been worked out previously by many authors. '-4 It is known how these beams propagate in free space and how they are transformed in going through a large aperture lens or a dielectric interface. The theory uses wave optics since diffraction plays a large part.
Geometrical optics has previously been shown to predict the path of the center of a Gaussian beam through any system of perfect lenses.", 6 However, calculation of the variation in beam spot size and phase front curvature has previously required returning to the wave optics picture. It is shown in this paper that, by using an equivalent packet of rays to describe a Gaussian beam, all of the later properties of the beam-as it propagates in lossless, nonactive mediacan be predicted by geometrical optics. By using this family of rays, the position of the beam center, the beam spot size, and the phase front curvature can be found for a Gaussian beam passing through any sequence of perfect, large-aperture lenses or flat dielectric interfaces.
Kahn 7 and Bykov and Vainshtein' have pointed out that geometrical optics can be used to give the variation of spot size of a Gaussian beam within an optical resonator. Consider a ray that is launched in the center of the resonator and parallel to the resonator axis at a radial distance wo,. For the normal mode of the resonator the spot size at the beam waist is wo. The spot size is defined as the radius where the field of the lowest order Gaussian is I/e of the field at center
The author is with the Crawford Hill Laboratory, Bell Telephone Laboratories, Inc., Holmdel, New Jersey 07733. Received 18 November 1965. of the beam. It has been shown that, if this ray is followed for many, many transits through the resonator, the distance between the extreme ray paths at any point along the axis of the resonator is equal to twice the spot size of the normal mode. That is, the envelope of the ray trajectories traces out the spot size variation. This is shown in Fig. 1 and is the basis for the ray packet picture presented here.
II. Derivation of the Ray Family
We want to find the ray family that is equivalent to a Gaussian beam whose spot size at the waist is o.
The sequence of spaced lenses shown in Fig. 2 has this Gaussian beam as a normal mode. Therefore, the spacing of the lenses d and their focal length f are related as'
At a point midway between each lens a ray is launched that is parallel to the axis and a distance wo, from the axis. We are interested in the position and slope of each of these rays at the plane a. Plane a is located a distance d/2 + z from the nth lens; hence it is z, away from the beam waist of the normal mode.
The ray that was launched between the m and m + I lens with zero slope and wo, initial displacement has position and slope just to the right of the th lens given by (2) where coso
After traveling a distance d/2 + z to plane a, this ray has position and slope given by 
ENVELOPE OF RAY PATHS
If n is a large number such that there are many rays arriving at plane a and 27r/0 is not a rational number, (n -n)0 can have all values from 0 to 2 7r. This condition on 0 does not in any way restrict the Gaussian beams that can be described, since any value of d/f between 0 and 4 can be used to specify a sequence of lenses that has the desired Gaussian beam as a normal mode. Therefore, we can always choose a value of d/f to make 2r/0 irrational. The packet of rays arriving at plane a can then be written as
where so has all values from 0 to 2 ir. Equation (4) describes a bounded family or packet of rays. Every value of defines a ray position and slope. We show that this packet of rays is equivalent to a Gaussian beam at a plane z from the beam waist. The spot size at the waist is wo,. If the beam is diverging, z is positive. If the beam is converging, z is negative.
The relation between the ray family and the Gaussian beam can be shown easily for propagation in free space. The distance from the center of the ray packet to the extreme ray as a function of z can be seen from Eq. (4): (5) This is the same relation as that given in Ref. 1 for the variation in spot size as a function of z. Hence, the envelope of the ray family is equal to the Gaussian beam spot size. It should be noted that, as the ray family propagates, it is always a different ray that becomes the extreme ray.
For every value of ray position given by Eq. (4), there are two values of ray slope. The average slope is the arithmetic average of these two. We can define a family of curves that is perpendicular to the average slope at every point. This can be found by eliminating ep from Eq. (4) and solving for the two values of slope as a function of r and z. This gives the average slope as
(2z 0 /kw, 2 ) 2 +
If we assume that the curves are spherical with radius R, then, in the paraxial approximation,
Substituting Eq. (6) in Eq. (7), we find
This is the same relation for the radius of curvature of the phase fronts of the Gaussian beam.' Hence, the curves that are perpendicular to the average ray slope are the phase fronts of the equivalent Gaussian beam.
We show in the next section that, if the family of rays is traced through any aberration-free optical system, the relation between the transformed ray family and the transformed equivalent Gaussian beam is still the same. To find the transformation of a Gaussian beam, the equivalent family of rays is traced through the medium using geometric optics.
The spot size of the transformed beam is then the envelope of the transformed ray family. The form of Eq. (4) is convenient for finding the envelope. To do this requires computing the square root of the sum of the squares of the coefficients of cos so and sin so.
The phase fronts of the transformed beam are the curves that are perpendicular to the average slopes of the transformed ray family.
The geometric optics picture cannot, in itself, predict the spot size of the modes of a given resonator or transmission line. This requires the Fresnel diffraction theory. However, if wo, and kv are given for a Gaussian beam, the ray packet and geometric optics can predict the diffraction spreading of the beam. Bykov and Vainshtein 6 were able to predict spot sizes in their geometric analysis of a resonator by the use of quantization conditions that are based on wave theory.
Instead of giving w, and z, a Gaussian beam is often described by giving its spot size w and the radius of curvature of the phase front R at some point in space.
For this case, we can rewrite Eq. (4) (so has all values from 0 to 2r), where R = radius of curvature of the phase front, and w = spot size.
Transformation by an Optical Medium
We now show that the relation between the Gaussian beam and the ray packet remains the same when (10) This means that the output position and slope are related linearly to the input position and slope. Media for which this is true include spaced thin lenses, flat dielectric interfaces, thin prisms, and media whose index varies quadratically. For example, a thin lens of focal length f followed by a thin prism of angular (so from 0 to 2r). Here we have added a distance si to r and an angle y to r' since Eq. (11) is referred to the axis of the medium and not the beam center.
By substituting Eq. (11) 
We can find the radius of curvature R 2 of the phase fronts at the output by eliminating 40 from Eqs. (12a) and (12b). From this, we find two values of 2 ' for each r 2 ; and if we take the arithmetic average of these, we obtain (r2').v= 2
(C + D/IR)(A + B/R) + DB(2/kwl 2 )' (A + B/RI) 2 + (2B/kw 2 )
In the paraxial approximation for spherical fronts In order to see if Eqs. (14) and (16) agree with the wave theory, we can use the ABCD law of Kogelnik3 which describes the transformation of Gaussian beams:
2 ) and A, B, C, D = optical parameters which describe the medium (the same as used previously). Taking the real and imaginary parts of Eq. (17) and using AD -BC = , which is true of all reciprocal optical structures', we find that they agree with Eqs. (14) and (16) . The spot size and radius of curvature predicted by the ray packet and geometric optics agree with those predicted by wave optics.
IV. The Mismatched Beam Waveguide
An interesting example to demonstrate the use of the ray packet technique is the mismatched beam waveguide. Consider a beam aveguide made of lenses of focal length f and spaced L. We assume a Gaussian mode of spot size al and phase front radius of curvature RI is launched into the line on axis just to the right of the first lens. The mode is not necessarily a normal mode of this beam waveguide; hence, it is not necessarily matched to the system. The first lens is labeled n = 0. We want to compute the spot size of this beam just to the right of the nth lens (see Fig. 4 ). The equivalent ray packet for the beam being launched is given by Eq. (9) where o is from 0 to 2 r.
The ray position r,, just to the right of the nth lens has been computed by geometric optics 9 The spot size at the nth lens w,, is given by the envelope of the rays and is found by taking the sum of the squares of the coefficients of sing and coso and is This shows that, if w = t and R = -2f, the coefficient of cos2nO and sin2no is zero and the spot size is constant. Otherwise, it oscillates with periodicity
2o.
An application of this technique to compute the required tolerances on the components of a beam waveguide has recently been reported."
The lens focal length, spacing, and position were allowed statistical variations and the growth of the beam spot size was computed using the ray packet technique.
V. Lens-like Medium
Another example of the use of the ray packet technique is the behavior of a Gaussian beam in a continuous lens-like medium. Consider a medium in which the index of refraction near the optic axis is independent of z and is given by
where n 0 , n 2 = constants of the medium and r = radius measured from the optic axis. Paraxial rays in this medium obey the paraxial ray equations which, for this medium, can be written as 
where yo is from 0 to 2 7r.
The spot size of the beam at z, w(z), is the envelope of these rays and therefore is
where
This familiar result is the one in which the beam matched to the continuous medium has a spot size of wAf and flat phase fronts. 3 For any other beam, the spot size oscillates with period r (n 0 /n 2 ) I.
VI. Summary
It has been shown that a packet of rays can be defined which is equivalent to a Gaussian beam. If the packet of rays is traced through an optical structure by the laws of geometric optics, the behavior of the equivalent Gaussian beam in passing through the structure can be found. The envelope of the ray packet or half the distance between the extreme rays is equal to the Gaussian beam spot size. The curves that are perpendicular to the average ray slope are the Gaussian beam phase fronts.
The transformation of any order Gaussian beam (not necessarily the dominant) when it passes through any combination of spherical or flat dielectric interfaces can be found by this technique. We have not considered other interface shapes in this paper and have not shown this technique to be valid in these cases.
For the transformation of a Gaussian beam when it passes through a structure having mode conversion, it is not clear how this technique can be applied. This analysis and description of the ray packet has been entirely in two dimensions. However, the extension to three dimensions is not difficult. In the paraxial approximation, the passage of a Gaussian beam through aberration-free components can be analyzed in two orthogonal two-dimensional cross sections.
While this method of describing a Gaussian beam adds no new information concerning the behavior of these beams, it can prove a useful concept. Optical structures can often be easily analyzed by geometric optics and the ray packet can provide a connection between this analysis and the Gaussian beam transformation. The geometric analysis is often more convenient than the wave analysis and may provide some insight into the problem.
Improved light modulation techniques have received considerable attention recently. In optical experiments, such as time-resolved spectroscopy, variable modulation frequencies are extremely useful. It is not always possible or convenient to use pulsed light sources that give repetitive flashes. In these cases, one is forced to chop the light mechanically.
Unfortunately, the commercial availability of mechanical light modulators is quite scarce. Moreover, the usefulness and utility of the few instruments available are limited by their lack of versatility. The limitations of their performance are due to characteristics such as poor stability (nonsynchronous motors), small optical aperture, nontnnable frequency operation, and absence of reference signals needed for lock-in detection applications. In addition, the price of these commercial light choppers is high. For the retrieval of weak optical signal information from noise, a phase-sensitive detection system was built in our laboratory. To chop the light an air driven light modulator was designed.
Figures 1, 2, and 3 illustrate isometric and front views of the apparatus. Air pressure from the nozzles drives the vaned wheel that is mounted on the same shaft as the light chopper blade. A pulley driven grinding wheel support and shaft may be used as a rigid base. This can be bolted to a bench or table. Alternatively, large pillow blocks and a shaft may be used. The driving wheel can be obtained from various sources: auto genera-
